
Nonlinear Model Reduction for Control 
Distributed Systems: a Computer-Assisted 

Stanislav Y. Shvartsman and Ioannis G. Kevrekidis 
Dept. of Chemical Engineering, Princeton University, Princeton, NJ 08544 

Model reduction methodologies for the partial differential equations modeling dis- 
tributed parameter systems constitute an important first step in controller design. A 
systematic computer-assisted study illustrating the use of two such methodologies (Ap- 
proximate Inertial Manifolds and the Karhunen-Lo2ue expansion) in controlling (stabi- 
lizing) a nonlinear reaction-difision problem is presented. The approximation quality 
of the models, issues of computational implementation of the reduction procedure, as 
well as issues of closed-loop stability are addressed. 

of 
Study 

introduction 
If sound first-principles models of an engineering process 

are available, it makes sense to exploit them for controller 
design (e.g., Henson and Seborg, 1996). Advances in scien- 
tific computation have increased the level of fundamental un- 
derstanding that can be built into such models and, as a re- 
sult, their realism and predictive power. As the models of 
distributed-parameter systems (DPS) become more sophisti- 
cated and spatially resolved, so do contemporary sensing ca- 
pabilities: the rapid development of imaging techniques al- 
lows one to visualize (and thus feedback) in real time infor- 
mation about the spatiotemporal state of the system 
(Rotermund et al., 1990; Flaetgen et al., 1995, Brown et al., 
1985; Qin and Wolf, 1996). While the logical path “physical 
process model-controller design” is conceptually clear (Hen- 
son and Seborg, 1996; Bequette, 1991; Kravaris and Kantor, 
1990; Ogunnaike and Ray, 1994), its implementation is not at 
all straightforward. The corresponding controller design 
problem becomes progressively more complicated as the size 
of the dynamical system increases (Boley, 1994). Discretizing 
the underlying conservation laws (in most cases partial differ- 
ential equations (PDEs)) gives rise to dynamical systems of a 
very high order. Large size is also a problem when it is neces- 
sary to simulate the process model “on-line,” for example, for 
estimation purposes or while solving sequential open-loop 
optimization problems in a model predictive control formula- 
tion (Meadows and Rawlings, 1994). 

The approach traditionally used in chemical engineering to 
address problems of control and estimation in distributed- 
parameter systems is based on using finite (but not too large) 
discretizations of the underlying PDEs. This has been illus- 
trated in the treatment of problems such as the distributed 

observer design for heat and mass-transfer processes 
(Ajinkaya et al., 1975; Koda and Seinfeld, 1982; Marquardt 
and Auracher, 1990) or the control of unstable steady states 
in fixed-bed reactors (Georgakis et al., 1977; McDermott and 
Chang, 1984; Bonvin et al., 1980). Recent examples of using 
such moderate-size discretizations to control nonlinear, pat- 
tern-forming reacting systems can be found in Dainson and 
Sheintuch (1997) and Karafyllis et al. (1997). More recently, 
however, there has been intense interest in controlling prob- 
lems whose models have significantly higher complexity, ne- 
cessitating discretizations of much higher order. Such prob- 
lems include semiconductor manufacturing reactors (e.g., 
Badgewell et al., 1994; Aling et al., 1997), reverse-flow and 
circulating-loop reactors (e.g., Nieken et al., 1994; Hua et al., 
1998), control of transitional hydrodynamic flows (Joshi et al., 
1997; Carlson and Lumley, 1997), or instabilities in turbines 
(Badmus et al., 1996; Paduano et al., 1994). Problems with 
complicated geometries and/or sharp variations of solutions 
or system parameters make the use of larger discretization 
models unavoidable (Aling et al., 1996; Aling et al., 1997; 
Bangia et al., 1997; Graham et al., 1993; Chakravarti et al., 
1995). Thus, it is important to reduce the physically based 
models to incorporate them in existing control methodolo- 
gies. 

Tools for accurate model reduction play an important role 
in bridging realistic model development with model-based 
control techniques. The dissipative nature of the partial dif- 
ferential equations underlying reaction and transport proc- 
esses make the large-scale dynamical systems arising in the 
discretization of these PDEs eflectiuely low-dimensional. This, 
loosely speaking, means that the long-term dynamic behavior 
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is characterized by a small number of active degrees of free- 
dom. 

In this article we attempt to use methods of low-dimen- 
sional modeling of large-scale dynamical systems for feed- 
back control. We (among others) have successfully used such 
methods in studies of open-loop stability and dynamics of dis- 
tributed parameter systems such as grooved-channel flow, re- 
action-diffusion systems, rapid thermal processing, and a va- 
riety of model problems (Deane et al., 1991; Graham and 
Kevrekidis, 1996; Aling et al., 1997; Bangia et al., 1997). As 
the sophistication of sensor and actuator technology devel- 
ops, issues of real-time identification for DPS (e.g., Rigopou- 
10s et al., 1997) and its interaction with model reduction (Gay 
and Ray, 1995) and controller design (see the discussion in 
Banks et al., 1997) become increasingly important. PDE-based 
control of distributed parameter systems is quite developed 
for complex mechanical systems, (e.g., large mechanical 
structures, Bansenauer and Balas, 1995) where the models 
are firmly established. In reaction/transport systems the 
models are, as a rule, not so well defined. Nevertheless, de- 
velopments in modeling and computation, as well as in spa- 
tially resolved sensing techniques, are already making PDE- 
based control possible (see, for example, the experiments in 
Qin and Wolf (1995) and Petrov et al. (1997)). 

The article is organized as follows: First we discuss issues 
associated with the role of model reduction in the design of 
finite-dimensional controllers for DPS. We then briefly intro- 
duce our illustrative example (a nonlinear reaction-diffGsion 
system) and the associated stabilization problem. The fourth 
section is dedicated to  the description of model-reduction 
methods we use in this article to obtain the low-dimensional 
vectorfields used in controller design. In the fifth section a 
computer-assisted study of the closed-loop dynamics and sta- 
bility of the resulting feedback systems is presented, and we 
conclude with a discussion and comments motivated by our 
observations. 

Approaches to Model Reduction 
The temporal evolution of many dissipative DPS of  engi- 

neering interest is governed by partial differential equations 
and the state in the corresponding control problem is infinite 
dimensional. The discrete nature of actuators, however, as 
well as finite precision and limited memory capacity of com- 
puters implementing control action, necessitate the dis- 
cretization (lumping) of the DPS to a finite-dimensional dy- 
namical system (Ray, 1981; Balas, 1979; Sakawa, 1983; Cur- 
tain, 1985). The good approximation of the dynamics of the 
original, infinite-dimensional system by the discretized 
(lumped) one is the subject of ongoing research ( T h a m ,  
1988; Constantin et al., 1988). A very important argument for 
the quantitative validity of this approximation is the dissipa- 
tive nature of the PDEs. The spectrum of the linear (or lin- 
earized) part of the evolution equations has the form illus- 
trated in Figure 1: here the open-loop spectrum is bounded 
on the right and contains only a finite number of unstable 
eigenvalues. This suggests that the long-term dynamics is 
low-dimensional and that, therefore, a finite-dimensional 
controller may be designed that would “take care”of the least 
stable modes only. This form of the spectrum is typical for 
problems dominated by diffusion, heat conduction, and/or 
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Figure 1. Spectrum of the linearization of a dissipative 
nonlinear DPS around a nominal steady state. 
Typical features: boundedness on the right, finite number of 
unstable modes, increasing “spectral gaps“ between stable 
cigenvalues. 

viscosity, a class that encompasses reaction-diffusion systems, 
packed-bed reactors at moderate PCclet numbers, rapid ther- 
mal processing units, and many other systems of engineering 
interest (Ray, 1981). 

In some cases, extensive experimental and modeling expe- 
rience with a process can guide the construction of low-di- 
mensional, control-relevant models backed up by good physi- 
cal understanding of the underlying dynamics (such as the 
traveling-wave models for distillation columns and packed- 
bed reactors, Doyle at al., 1996). In general, discretization 
methods (finite difference. finite-element, spectral, etc.) yield 
finite-size dynamical systems; using existing control method- 
ologies it is conceptually straightforward to synthesize finite- 
dimensional controllers for any of these dynamical systems. 
The important question then is whether it is possible to  con- 
trol the infinite-dimensional system with such a finite-dimen- 
sional controller. A positive answer (for linear systems) can 
be found in a definitive sequence of articles written over the 
last 20 years by Balas, Curtain, Sakawa, and others (Balas, 
1979, 1980, 1982, 1983, 1985; Curtain, 1985; Sakawa, 1983). 
The issue of stabilization of DPS by finite-dimensional con- 
trollers was addressed by Balas, motivated mainly by control 
of large-scale mechanical structures. Provided that the size of 
the reduced-order model is large enough, the stability of the 
combined DPS and finite-dimensional controller is proved for 
linear [e.g., Balas (1982)], and some classes of nonlinear [Balas 
(1991)] PDEs; the controller should be based on a sufficiently 
“converged” discretization of the DPS. Sufficiently converged 
discretizations, while finite, will routinely be large dynamical 
systems (from O(10’) for one-dimensional problems to sev- 
eral millions of unknowns for three-dimensional problems in 
space); the routine design of controllers for such problems 
has difficulties of its own. High-order and ill-conditioning, for 
example, might render the corresponding linear control prob- 
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Iems ”Riccatti unsolvable” (Su and Craig, 19911, and special 
numerical techniques are necessary to assess basic properties 
of the linearized state-space models, such as controllability, 
stabilizability, and observability (Boley, 1994). 

A second reduction problem therefore arises: Is it possible 
to control these converged discretizations with a finite-di- 
mensional controller, based on a (much smaller) accurate re- 
duced model? The language of Balas’s and other (Curtain, 
1985; Sakawa. 1983) articles on stabilization of infinite-di- 
mensional systems with controllers based on reduced models 
is that of Hilbert spaces and infinite-dimensional dynamical 
systems. Fortunately, the same line of thought and terminol- 
ogy also applies in understanding potential sources of insta- 
bilities in this second reduction problem. In this article we 
are concerned precisely with this problem: the control (in our 
case, stabilization) of large, converged discretizations of DPS 
with controllers designed using smaller but accurate vector- 
fields. In both cases the crucial stability issue comes from the 
interaction of the finite-dimensional controller, based on the 
‘‘small” reduced-order model, with the dynamics of the resid- 
ual modes (those neglected at the controller design stage). 
For linear systems it is possible to obtain analytical expres- 
sions for the degree of destabilization caused by control 
spillover of energy to residual modes and by dynamic cou- 
pling of retained and residual modes (Balas, 1982a). Large- 
scale scientific computation (iterative techniques for large 
eigenproblems) have been recently combined with analytical 
results from the perturbation theory of spectral operators to 
perform algorithmic stability checks on closed-loop infinite- 
dimensional systems with low-order controllers of this nature 
(Erikson and Laub, 1995) (see also Haczyc and Palazoglou 
(1991) for the so-called eigenvalue inclusion technique for as- 
sessing closed-loop stability). 

To illustrate the basic issues related to stabilization of large 
state-space models by finite-dimensional controllers of 
smaller size, consider the control problem for a large finite- 
dimensional linear system (ROM1). 

i = Ax + Bu. (1) 

The conventional approach to low-order controller design in- 
volves identification of a (small) set of modes critical for the 
system dynamics, and projection of the original problem onto 
the low-dimensional subspace spanned by these modes. The 
state x E R“  is split into x ,  6 R, and x2 E R,, (R“ = R,@ 
R,, dim(R,)=m, dim(R,)=n-m, m e n ) .  R, is the sub- 
space spanned by the “critical” (the least stable) modes, while 
R, is its orthogonal complement: 

.ti == A , , x ,  + A,,x,  + B1u 

Xz = Azlxl  + A, ,x ,  + B,u. 

(2) 

(3) 

Here A , , ,  A , , ,  B,. and so on are blocks of the matrix repre- 
sentation of operators A and B transformed to the basis 
formed by the critical modes and their orthogonal comple- 
ment. Ignoring the components in the residual subspace 
(truncating), the control problem (e.g., selection of a stabiliz- 
ing matrix of gains K in the case of the full-state feedback) 
for the resulting low-order model (ROM2) is solved as fol- 
lows 

and the stability of the resulting closed-loop system, 

including the unmodeled dynamics, is then examined. Several 
comments are in order (Balas, 1979): 

Since B, is in general nonzero, the controller stabilizing 
ROM2 will influence the dynamics of the residual modes 
(control spillover). 

When the matrix of A in ROMl is diagonal, the closed- 
loop matrix will be block triangular and the high-order 
closed-loop system will be stable. For nonzero A ! ,  and A, , ,  
there will be dynamic coupling between the x ,  and x 2  com- 
ponents of the state (modeling error). 

Critical modes can be chosen in different ways: they can be 
the exact eigenvectors of a linearized problem, corresponding 
to the leading part of the spectrum (Bansenauer and Balas, 
19951, their Krylov subspace approximations (Hsu and Vu- 
Quoc, 19961, or empirically determined eigenfunctions (POD 
modes, see the third section). Clearly, the truncated problem 
(ROM2) must accurately approximate the open- and closed- 
loop dynamics; the accuracy of the reduced-order model is 
related to the norms of the neglected off-diagonal blocks of 
the full Jacobian. 

The accuracy of approximation might be improved by mak- 
ing the low-order model “aware of the residual dynamics” 
(Kokotovic et al., 1986; Balas, 1982a,b). This path is espe- 
cially clear when the original system is of the form 

where p <i 1 is a small parameter. In this case (Kokotovic et 
al., 19861, one can obtain a slaving relationship between the 
residual ( s h e d )  and critical (master) modes 

x 2 = S ( x 1 ; u ; p ) .  (9) 

Methods of singular perturbation theory allow the construc- 
tion of such slaving functions (invariant manifolds) to any 
given accuracy. For the linear system (7,8) the O( p )  approxi- 
mation of such a manifold is given by 

The “corrected” low-order model becomes 

il = A,x ,  + B,u (11) 

(12) A ,  = A , ,  - A,,A,’A,,, B, = B, - A,,A,’B,. 

The fundamental robustness result given in Kokotovic et al. 
(1986) ascertains the stability of the full system with a con- 
troller (full-state feedback) designed based on A, ,  B,, feed- 
ing back the slow component of the state only. This is espe- 
cially important since the fast components of the state will in 
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general be difficult to measure/estimate and consequently to 
feedback. Kokotovic et al. (1986) and Kokotovic and Sauer 
(1989) have extended the tools of invariant manifolds for con- 
troller design in nonlinear systems as well. Their work leads 
to dimensionality reduction of the closed-loop system; they 
design composite feedback control, decomposing the input 
into two parts “addressing” the slow and fast dynamics of the 
system separately. 

In the infinite-dimensional context (PDEs) inertiul mani- 
folds-smooth, invariant, globally attracting, finite-dimen- 
sional manifolds-become an important tool in model reduc- 
tion for control purposes. While the solution lives in an infi- 
nite-dimensional function space, the long-term dynamics is 
often contained on a finite-dimensional, smooth (Lipschitz), 
exponentially attracting manifold (Foias et al., 1988b); this 
manifold can be parameterized by a finite number of modes 
(“master modes” in the preceding discussion). These mani- 
folds are global in phase space and can therefore be thought 
of as generalizations of center manifolds (Guckenheimer and 
Holmes, 1983). Open-loop low dimensionality suggests that 
(for the appropriate class of feedback laws) closed-loop low 
dimensionality will prevail; more importantly, the closed-loop 
inertial manifold can be expected to be parametrized by the 
same modes as the open-loop one. Thus, the theoretical tools 
for construction of inertial manifolds, and their numerica! 
counterparts for the construction of approximate inertial 
manifolds (AIMS), may be incorporated in the formulation of 
the vectorfields describing closed-loop dynamics. In particu- 
lar, these vectorfields can be used in the design of feedback 
controllers. As the theory of inertial and approximate inertial 
manifolds developed in the last decade (Foias et al., 1988a; 
Jolly et al., 1990) a number of researchers started exploiting 
its utility for DPS controller design. 

Brunovsky suggested the use of inertial manifold tech- 
niques for prescribing the low-dimensional dynamics in the 
closed-loop (Brunovsky, 1991). Recently, Sano and Kuni- 
matsu proved the existence of a closed-loop invariant mani- 
fold in a nonlinear diffusion equation, along with designing a 
finite-dimensional stabilizing controller based on the AIM- 
reduced dynamics (Kunimatsu and Sano, 1994; Sano and Ku- 
nimatsu, 1994). In the chemical engineering literature Chen 
and Chang (1992) used tools of center manifold and normal 
form theory to design a nonlinear controller and obtain the 
closed-loop center manifold for a truncated DPS; in their case 
proximity to a bifurcation guaranteed the separation of rele- 
vant time scales (i.e., the presence of a small parameter) in 
the problem. They also exploited empirical eigenfunctions in 
identifying approximations of the leading linear modes of an 
unknown DPS for feedback purposes. Daoutidis and 
Christofides have gone beyond the finite-dimensional singu- 
lar perturbation work of Kokotovic et al. (1986, 1989) to ex- 
ploit invariant manifolds in the infinite-dimensional case 
(Christofides and Daoutidis, 1996, 1997; Christofides, 1997). 
Using singular perturbation methods, they designed ob- 
server-based nonlinear feedback controllers (through the cor- 
responding closed-loop AIMS) and demonstrated their per- 
formance. 

Even when the existence of inertial manifolds can be theo- 
retically ascertained, their practical computation and use in- 
volves a certain degree of approximation. The selection of 
spatial modes used to parametrize the manifold, the choice 

of the number of parametrizing “master” modes, and of the 
residual “slaved” ones, as well as the particular method of 
approximating the slaving function must be addressed. Most 
of the analytical and initial numerical work has been in cases 
where the manifold was parametrized by Fourier modes (e.g., 
trigonometric, Chebyshev, or Legendre polynomials: Jolly et 
al., 1990; Graham et al., 1993; Shen and Ttmam, 1995). For 
problems with spatially dependent parameters and compli- 
cated geometries, however, the use of Fourier modes may be 
inconvenient or just impossible. Different global modes 
should then be chosen for parametrization of the manifold, 
such as numerically computed eigenvectors of a linear or lin- 
earized part of the problem (Batcho and Karniadakis, 1994; 
Hsu and Vu-Quoc, 1996) or empirical eigenfunctions (Deane 
et al., 1991; Bangia et al., 1997). It is important to note that 
additional AIM implementations based on finite difference, 
finite-element, and other numerical discretization techniques 
are also being pursued (Foias and Titi, 1991; Marion and 
Ttmam, 1990; Chen and Ttrnam, 1993; Ammi and Marion, 
1994). 

In this article we present a comparative study of several 
derivations of reduced-order vectorfields for a nonlinear, 
one-dimensional in space reaction-diffusion system. Their 
utility for controller design is examined through a computa- 
tional study of the stabilization problem. 

Problem Statement 
In selecting a “minimal” but still truly illustrative example, 

we chose a one-dimensional DPS with strong nonlinearity 
(evidenced by several stable, coexisting patterned stationary 
states). Because model reduction is a crucial component of 
our study, the problem is such that “naive” low-dimensional 
approximations (say, a two-mode Fourier truncation) are very 
inaccurate; the sharpness of the spatially structured profiles 
of the system solutions renders such simple reductions use- 
less. We chose to work on the stabilization problem for some 
of the nonlinear steady states of our model. While this is the 
simplest control objective, we believe it is a good starting point 
for systematically obtaining quuntitutzue performance charac- 
teristics, such as prediction of the closed-loop dynamics and 
bifurcations, or success in low-dimensional pole-placement 
controller design. 

Open-loop system 
The reaction-diffusion system constituting our example is 

described by a pair of coupled parabolic partial differential 
equations, known as the FitzHugh-Nagumo model (Fitz- 
Hugh, 1962) with no-flux boundary conditions. This system 
(arising originally in neurophysiology) and its variants are of- 
ten used to study issues of pattern formation in reacting sys- 
tems, ranging from Belousov-Zhabotinsky and Chlorite- 
Iodide-Malonic-Acid reactions, to low- and high-pressure 
heterogeneous catalytic reactors (e.g., Imbihl and Ertl, 1995; 
Sheintuch and Shvartsman, 1996): 
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In these equations u is usually termed the “activator”and w 
the “inhibitor”; 6 is the ratio of diffusivities of the two react- 
ing species, while E represents the ratio of time scales for the 
kinetic terms; L is the length of the system box; and p l , p o  
are parameters determining local dynamics. Considerable in- 
sight in the spatiotemporal dynamics accessible to such a sys- 
tem can be gained from a phase-plane analysis of the reac- 
tion terms by observing the two nullclines (the loci of points 
u ,  w such that f ’ (u ,w)  = 0 and g ( u , w )  = 0, respectively). De- 
pending on the parameters p I  and p o  these nullclines can 
have a different number of intersections (steady states). Fig- 
ure 2a shows the case when three intersections (and there- 
fore three spatially uniform solutions, flat profiles in Figure 
2b) exist. The interaction of the nonlinear reaction term with 
transport (diffusion) results in a large number of additional 
nonuniform steady states. These, for parameter values as in 
the plot in Figure 2a, may take the form of relatively sharp 
spatial concentration fronts separating the ignited (up) and 
extinguished (down) regions of the one-dimensional system. 
The wavelength of these nonuniform patterns may vary. Many 
nonuniform steady states coexist for a wide region of the sys- 
tem parameter space. The most clear-cut demonstration of 
such rich steady-state structure in an experimental reactor 
was provided by Luss and coworkers (Liauw et al., 1997; So- 
mani et al., 1996). 

Structured states may lose stability as the system parame- 
ters vary. The work of Meron and Hagberg (1994) presents 
the most detailed recent study of stability of fronts in the 
FitzHugh-Nagumo system. We illustrate some of the possible 
transitions by computing the bifurcation diagram associated 
with a particular front solution (thick line in Figure 2b). For 
low values of c the spatially nonuniform solution is stable 
and appears as a front positioned approximately in the mid- 
dle of the domain (upper inset in Figure 2c). The extin- 
guished portion of the profile expands to the right as E is 
increased, and at E = 0.9445 the front undergoes a saddle- 
node bifurcation--the branch turns around and for a wide 
range of E values two-front solutions-a saddle and a node 

i n  

0 0 

- 1 0  -0 IS l-- 
-0.6 <v> 0 2  

Figure 2. Open-loop system. 
( a )  Nullclines f ( u , w ) =  O,g(u ,w)=  0 for p o =  -0.03, p l =  
X J .  (hf Some of the steady states computed for L = 20.0, 
t = 0.017, W = 4.0. (c) Steady-state bifurcation diagram for 
the front steady solution (thick line in (b)). The insets show 
the evolution of the profile with increased E .  (d) Bifurcation 
diagram close to the Hopf bifurcation of the front a t  low 
values o f  c ,  0 denotes the resulting amplitude of the stable 
limit cycle. (el  Projection of the resulting spatiotemporal 
limit cycle and the unstable steady state surrounded by it on 
the plane of ((ti) ,  ( w ) ) .  

(the full and broken lines, respectively) coexist. At low values 
of E the stable stationary front undergoes a Hopf bifurcation 
(Figure 2d) resulting in a spatiotemporal oscillatory solution, 
during which the front moves back and forth in space as time 
evolves. Projection of this limit cycle on the plane of zeroth 
Fourier modes (spatial average, ( ))of u ( z )  and w ( z )  is shown 
in Figure 2e. 

Stabilization problem 
In this work we address the problem of stabilization of 

structured steady states, of the type described in the previous 
subsection. In particular, we focus on stabilization of solu- 
tions with low-dimensional instabilities (a small number of 
unstable eigenvalues). Two examples are shown in Figure 3; a 
single unstable eigenvalue (Figures 3a, 3b, 3e) and a single 
unstable complex eigenpair (Figures 3c, 3d, 3f). Spatiotempo- 
ral motions resulting from these instabilities are shown in 
Figures 3e and 3f. In the case of an unstable steady state 
beyond the (supercritical) Hopf bifurcation, infinitesimal per- 
turbations lead to the development of a stable oscillatory front 
pattern; in the case of saddle-front solution, the perturbation 
shown leads, after a transient, to a distant (extinguished) 
steady state. By solving the stabilization problem we would 
like to maintain the reaction diffusion system at its open-loop 
unstable steady state by affecting the eigenstructure of its lin- 
earization. We assume that control enters additively into the 
nonlinear PDE, that the full state is available for feedback 
(thus sidestepping, for this work, estimation issues), and that 
feedback is implemented through manipulation of the ampli- 
tudes u, of finitely many (s) actuators with spatially nontriv- 
ial influence functions q,(z): 

J 

u, = Au + f ( u , w ) +  u,q,(z) (16) 

w, = 6Aw + g ( u , w ) .  (17) 

J = 1  

i 
-0 .1 - -160.0 l-----J 

-5.0 -3.0 -1.0 1.0 0.0 40.0 80.0 
Re@-) 

-160.0 - 
-5.0 -2.0 ~~(i) 1.0 0.0 40.0 k 80.0 

Figure 3. Open-loop unstable set points. 
(a, c) Leading part of the spectrum of the linearization 
around representative open-loop unstable steady states cor- 
responding to the front beyond the (supercritical) Hopf and 
before the saddle-node bifurcations, respectively. (b, d)  Real 
parts of the eigenvalues of these steady states plotted vs. 
eigenvalue number, illustrating the strong dissipativity of the 
system. (e) Space-time plot of a limit cycle after the Hopf 
bifurcation (grayscale corresponds to the level of u ) .  (f) 
Space-time plot of transient evolution away from an unsta- 
ble, saddle-type front solution; the transient eventually ap- 
proaches a spatially uniform “extinguished” steady state. 
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This form of an input (which physically would correspond 
to addition of material, and which is admittedly ad hoc) would 
smoothly approximate an input with compact support (a “zone 
feed” of material). 

Tools for Model Reduction 
The two techniques we use in this article to effectively re- 

duce the “large, converged Galerkin” to a small but accurate 
dynamic model for controller design purposes are based on 
(a) the theory of approximate inertial manifolds, and (b) the 
method of empirical orthogonal eigenfunctions (also termed 
proper orthogonal decomposition and Kdrhunen-Lo&e ex- 
pansion). In this section we briefly describe the implementa- 
tion of these techniques to obtain reduced open-loop vector 
fields for our problem, and compare the bifurcation diagrams 
of these vectorfields with those of the large, converged 
Galerkin vectorfield, which, for brevity, we will refer to from 
now on as “the full model.”For each method we also point 
out the modifications necessary in the implementation to ac- 
count for the actuators. The resulting reduced nonlinear vec- 
torfields are later linearized around thc nominal set point 
(open-loop unstable steady state) to yield state-space models 
used for controller design. 

Approximate inertial manifolds 
Consider the abstract evolution equation 

dr/dt + Ar + F ( r )  = 0, (18) 

where the infinite-dimensional stat2 r lies in a Hilbert space 
r ( z )  E H .  Assume that the leading linear term A has a 
spectrum consisting of positive eigenvalues A,  I h2 I ... and 
a complete orthonormal set of eigenfunctions #J~. For o u r  re- 
action-diffusion example we take A = -(d’/CSz’) and define 
F by the remaining terms. Assume that the solution can be 
accurately approximated by a “large” n-mode truncated 
Fourier series r,l E H,, = span{&,),’= 

Using orthogonality of the basis functions 4, we can uniquely 
split r,* 

rn = r + r 4 ,  (20)  

where rp E P,H, = span(+,)?, rq E Q, H,, = span {+,I;+ ,. Pp 
and P, are orthogonal projectors onto the span of first p ( n )  
Fourier modes, respectively, while Q, = P,, - P,. A Galerkin 
weighted residual procedure results in a coupled system of n 
equations describing the (joint) evolution of r,, and rq 

drp/dt + Arp + PpF‘rp + r q )  = 0 

dr,/dt + Arq + Qp F ( r,, + r,! ) = 0. 

(21) 

(22)  

Setting rq = 0 leads to the order p (flat) Galerkin approxima- 
tion of the original evolution equation 

(23) drp/dt + Ar!, + P,, F ( r,] 1 = 0.  

Figure 4 shows the branch of stationary fronts computed 
with Galerkin truncations of increasing order. We observe 
spurious saddle-node bifurcations present for low truncation 
orders. which disappear for finer discretizations (higher trun- 
cations). A way of improving the accuracy of approximation 
(without increasing the size of truncation) is the so-called 
nonlinear Galerkin method (Jauberteau et al., 1989), in which 
amplitudes of higher modes in the expansion are slaved to 
the amplitudes of the lower modes 

Note that S = 0 is the standard (flat, linear) Galerkin trunca- 
tion. The rationale behind employing such slaving is based on 
the timc-scale separation (the spectral gap) between dynam- 
ics of the master (slow, low wave number) and the slave (fast, 
high wave number) modes. For our example of a diffusion 
operator A with boundary conditions leading to trigonomct- 
ric Fourier series expansions, the k’ factor resulting from the 
action of the linear operator A on a mode with wavenumber 
k ,  substantiates this time-scale separation. Under the as- 
sumption that the partial differential evolution equation pos- 
sesses an inertial manifold of dimension p (which is repre- 
sented as the graph of a function S, : P,, H -+ ( I  - P,>H), and 
for our large truncation S : P,H,, -+ Q,H, we can write the 
approximate inertial form (AIF), 

dr,/dt + Arp + P,,F(rJ, + S(r ,]))  = 0 .  (25) 

Several methods have been proposed for the construction of 
contraction mapping algorithms for the computation of AIMS 
(and the corresponding AIFs). Thc so-called steady manifold 
(Foias and T h a m ,  1988). defined by the algebraic equations 

gives rise to a family of @ maps (that are essentially consecu- 
tive steps in the successive substitution approximation of the 
steady manitold) 

-0 .1  

-n7 

40 Cos - 
8 + 2 1  @I 

8 Cos _ -  

“.I 

0.0 E 1 .O 
Figure 4. Galerkin and nonlinear Galerkin methods. 

Steady-state bifurcation diagram in the vicinity of the sad- 
dle-node bifurcation computed through different ‘.flat” (!in- 

ear)  Galerkin truncations and an approximate inertial form 
chased on the @ ,  AIM; see t e x t ) .  
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4) I -  - - A -  ‘Q,,F(r,, + O )  

a),, = - A-’Q,,F(r, + @,,,-,). 

(27) ... 

(Note that the existence of the inverse of the operator A re- 
stricted to the subspace of “slaved” modes is guaranteed. In 
our case. A = ding(- k;?) is diagonal, which makes its inver- 
sion straightforward.) Another AIM approximation is moti- 
vated by integrating the q-part of the Galerkin approxima- 
tion for a short time step T (with initial condition r, = 0) using 
an implicit Euler method (Foias e t  al., 1988a): 

In the following we use the p + q notation for our AIM-based 
models to denote a p equation model with a slaving relation 
for modes p + i to p + q (Figure 4 shows computations with 
an 8 + 21 AIF). The use of such nonlinear Galerkin methods 
has been computationally demonstrated to lead to increased 
accuracy for computed bifurcation diagrams, without increas- 
ing the size of the vectorfield (Jolly e t  al., 1990; Brown et al., 
1991). This is demonstrated in our case through the overlaid 
bifurcation diagrams in Figure 4. 

There havc been attempts to extend the formalisms of both 
center manifolds (Cox and Roberts, 1991) and approximate 
inertial manifolds (Jones and Titi, 1994) for nonlinear PDEs 
with additional input (“spatiotemporal forcing’). In our case, 
we are interested in forcing described by the product of 
time-dependent amplitude(s) u( t )  and constant-shape actua- 
tor influence function(s) q(z) ) ;  the original evolution equa- 
tion then becomes 

or, splitting it again formally in “slow” and “fast” dynamics rp 
and rq, 

r,, - -  Ar,, -t PpF(rp + r,)+ Bpu = 0 

ic, + .4r11 + QpF(rp  + rq )+  B,u = 0 ,  

(30) 

(31) 

where Bp denote projection of the actuator influence func- 
tion q ( z )  (the forcing term) onto PpHn and Q,Hn. Formally 
using the CD maps (u.g., employed for open-loop approxi- 
mate inertial manifold construction leads then to u-depen- 
dent slaving relations such as 

which yield the “forced” approximate inertial form 

This is precisely the reduced model whose linearization 
around the desired set point will be used for construction of 
a (linear) stabilizing AIM-based controller. 

Discretization with empirical orthogonal eigenfunctions 
(proper orthogonal decomposition) 

In the (semi-empirical) proper orthogonal decomposition 
(POD)-Galerkin method, the basis set for the spectral dis- 
cretization of a DPS is obtained by statistical analysis of ex- 
tensive spatiotemporal data obtained from the full system it- 
self. An up-to-date review of the method can be found in a 
recent book by Holmes et al. (1997). Proposed in a 1956 re- 
port in the context of meteorology by Lorenz (Lorenz, 1956), 
the method was used as a means for identifying coherent 
structures in turbulent flows by Lumley (see book by Holmes 
et al. (1997) and references therein). Its use in the dynamical 
systems context was pioneered in the 1980s in Aubry et al. 
(1988) and the sequence of papers by Sirovich (e.g., Sirovich 
and Rodriguez, 1989). The basic steps leading to a low-di- 
mensional dynamical system describing the DPS in question 
include: 

Forming a database ensemble of spatiotemporal data 
(obtained from integration of the full model). 

Extracting an empirical eigenfunction basis from the 
data. 

Generating a dynamical system describing temporal evo- 
lution of the modal coefficients of the solution expanded in 
these basis functions. 

The first of these steps is by far the most crucial for the 
success of the venture: the ensemble is the starting point for 
forming the finite-dimensional subspace (a hyperplane) onto 
which the evolution PDE is later projected by the Galerkin 
procedure. All motions orthogonal to this hyperplane will be 
neglected, and the resulting error is assumed to be small in 
some sense. The necessity for a large simulational data set, 
the difficulty in obtaining it, and the lack of rigorous theoret- 
ical results concerning convergence properties underscore the 
empirical nature of the method; on the other hand, it has 
been rather successful in tackling problems beyond the con- 
ventional discretizations (see, for example, Deane et al., 1991, 
Adomaitis, 1997; Sahan et al., 1997: Aling et al., 1997). 

The spatiotemporal data in the ensemble are stored in the 
“snapshot matrix”SM E R”’“. The number of columns ( n )  
corresponds to the number of snapshots (instants at which 
the state of the system has been captured), while the number 
of rows ( m )  is equal to the number of “pixels”(discretization 
points, coefficients of Fourier basis functions used in the sim- 
ulations, etc.) This so-called “snapshot method” is appropri- 
ate when the relevant number of snapshots ( n )  is significantly 
smaller than the dimension of the discretization (m);  if this is 
not case, an eigenanalysis of the two-point correlation matrix 
is used instead (Holmes et  al., 1997). 

Singular value decomposition (SVD) of the snapshot ma- 
trix represents it as a sum of rank-one matrices 

n 

SM = a,tTs, 

CT, > u2 > ..’ > a,, 
1 = 1  

(34) 

where g1,t,,sI represent the singular values and vectors of 
the snapshot matrix SM. 

A high degree of spatiotemporal coherence in the data en- 
semble will manifest itself in the almost zero magnitude of 
many of the singular values a,, and consequently, in the fact 
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that a relatively low-order ( p  << n )  truncation of the preced- 
ing summation will provide a good approximation to SM. It is 
precisely the singular vectors s, retained in this low-order 
truncation that constitute the basis of the low-dimensional 
subspace used for spectral discretization of the original PDE 
(e.g., Eq. 29). In our implementation the basis functions were 
extracted from the database generated by time-integrations 
of a pseudospectral vector field. Thus, the spatial derivatives 
of the basis functions necessary in forming a KL-Galerkin 
vector field could be easily computed. 

Making the ansatz 

for the solution, substituting it in the PDE, and demanding 
that the residual be orthogonal to the basis functions leads to 
the required low-dimensional dynamical system (here we are 
slightly abusing the notation s , (z);  the s, are vectors whose 
elements come from spatial discretization, hence the depen- 
dence on the spatial variable z ) :  

Notice that the parametric (e.g., u )  dependence of the origi- 
nal DPS is explicitly retained in the low-order model.. For 
simple forms of the nonlinearity (e.g., quadratic), the low-di- 
mensional vectorfield can be constructed in explicit form 
(Deane et al., 1991; Bangia et al., 1997)-the numerical coef- 
ficients of the monomials arising due to the interaction of 
different modes are computed “off-line”, in advance. For 
high-order and/or nonpolynomial nonlinearities, a pseu- 
dospectral discretization can be employed (Canuto et al., 
1988; Kwasniok, 1997). The absence, however, of a numerical 
“fast POD transform” (analogous to the FFT for Fourier 
modes) makes the evaluation of the vectorfield and Jacobian 
for POD-based models rather expensive computationally (e.g., 
Aling et al., 1997). 

Some practical comments about the method are in order. 
There are no a pn‘on’ comprehensive rules for generation of 
the ensemble from which the empirical basis functions will be 
extracted. The data should be “fully representative” of (i.e., 
should span) the region of phase space in which studying 
temporal evolution or controlling the DPS is desirable. Since 
we are interested in good representation of the dynamics of 
the closed-loop system, the response of our dynamical system 
to possible actions of the available actuators should be some- 
how incorporated in the ensemble. Reported “common sense” 
ways of forming a potentially representative ensemble in- 
clude combination of spatiotemporal motions at several val- 
ues of operating parameters (Deane et al., 1991; Bangia et 
al., 19971, mixing transients from initial conditions distributed 
randomly around the relevant regions of phase space 
(Graham and Kevrekidis, 19961, and storing responses to per- 
turbation of actuators from their nominal settings (Aling et 
al., 1996, 1997; Adomaitis, 1997; Park and Cho, 1996; Loffler 
and Marquardt, 1992). 

For our example, the properties and capabilities of the 
POD-Galerkin method are illustrated in Figure 5. We formed 
our ensembles in the neighborhood of a nominal open-loop 

parameter value, combining transients at several parameter 
values with random forcing of the amplitudes of the actua- 
tors; data were sampled after the very fast part of the dynam- 
ics decayed to the neighborhood of the system attractor. In 
our implementation this procedure was performed separately 
for u ( z )  and w ( z )  fields in the FitzHugh-Nagumo PDE. Sim- 
ulations of the reaction-diffusion system yielded two ensem- 
bles (for ~ ( z )  and w ( z )  fields) that were later SV-decom- 
posed to form separate basis sets (4, and +,, respectively) for 
spectral discretization. An alternative implementation could 
have the “stacked” profiles ( u ( z ) ;  w ( z ) )  in the ensemble, tak- 
ing into account in this way the correlation between the two 
variables. The spatially localized nature of the resulting em- 
pirical eigenfunctions is demonstrated in Figure 5a. The first 
four eigenfunctions contain > 99% of the energy (in the 
least-squares sense) of the ensemble. They satisfy the bound- 
ary conditions by construction and are tailored to the prob- 
lem: capturing dynamics in the vicinity of the sharp frontlike 

” 
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Figure 5. 

Q I  
/ 

R m  0.2 0.5 & 0.9 
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POD-Galerkin methods. 
(a) Leading empirical eigenfunctions obtained near the sad- 
dle-node bifurcation at E € (0.7-0.9). Solid/dashed line-q’w 
basis functions, (b) comparison of attractors at E = 0.015 
predicted by conventional and POD Galerkin vectorfields. 
(c) Short-time prediction capabilities of POD-Galerkin 
methods. Starting with a given profile, the value of u at z = 

2L/3 is plotted from transients of conventional and POD- 
Galerkin vectorfields ( E  = 0.015). (d) Comparison of the 
leading part of thc spectra of the linearization of the unsta- 
ble steady state at E = 0.015 computed through conventional 
and POD-Galerkin models. (el Alternative bifurcation dia- 
grams of the front-type solutions near the saddle-node bi- 
furcation. 
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steady state. The validity of the low-dimensional dynamical 
systems generated by Galerkin procedure based on these 
eigenfunctions can be tested by considering the ability of the 
resulting truncation to accurately approximate the location of 
the steady state and its linearization as well as by its short- 
term tracking capabilities. An illustration of the former is 
presented in Figure Sb, where attractors computed with 
high-order cosine spectral discretization are compared to 
those computed with POD-based vectorfields. Projection of 
our spatiotemporal limit cycle on the first two empirical 
eigenfunctions computed with POD-Galerkin based on six 
modes is very close to the converged attractor computed with 
the full model. The same vectorfields are successful in short- 
term tracking of off-attractor dynamics. Note that, while the 
long-term prediction properties of a four-mode (eight-equa- 
tion) vector field eventually deteriorate, the short-term pre- 
diction quality can be quite reasonable for time scales of the 
order of one-tenth to one-sixth of the natural period of the 
oscillation, Figure 5c. The ability of the vector fields to pre- 
dict the location and spatial structure of a steady or oscilla- 
tory state (unstable stationary front for parameters in Figure 
Sd) is combined with their ability to approximate closely the 
leading part of the corresponding spectra (eigenvalues, Flo- 
quet multipliers). The explicit parametric dependence of the 
generated vectorfields is crucial for the computation of bifur- 
cation diagrams for the problem solutions and for controller 
design. This is illustrated in the alternative (62-dimensional 
Fourier discretization vs. 8-dimensional POD-based) compu- 
tation of the open-loop bifurcation diagram in Figure 5(e). 

Linear Feedback Control 
Closed-loop system 

In this section we demonstrate the design and performance 
of controllers based on reduced-order vector fields. More 
specifically, the controllers are based on the linearization of 
the low-order nonlinear vectorfields, obtained through the 
methods described in the previous section, around the set 
point (an unstable steady state at a nominal parameter value). 
Steady-state computations, linearization, and controller de- 
sign (here using the Control Toolbox of MATLAB) take ad- 
vantage of the explicit parametric dependence of the re- 
duced-order models. Pole placement (Kautsky et al., 1985) 
and optimal control (LQR) methods (Bryson and Ho, 1975) 
were used for controller design (place(A, B, p) and l q r ( A ,  
B, q, r) MATLAB routines, respectively). The matrix of gains 
( K )  was then incorporated in the full nonlinear vectorfield 
describing the evolution of the reaction-diffusion system (31 
Cosine Galerkin truncation resulting in a 62-dimensional vec- 
torfield). For our particular example, the implementation of 
this full closed-loop vectorfield is outlined briefly below. 

The no-flux boundary conditions give rise to a cosine ex- 
pansion of both fields: 

n 

u (  z ,  r ) =: C U,(I)COS r ( i  - I)Z/L, (37a) 
r = 1  

The n-mode Galerkin truncation takes the form 

where 
(G b', = ZE Rz", n = the number of modes in the full Galerkin mod- 

els (the factor two comes from the two PDEs in 
the FitzHugh-Nagumo system); 

CE R', s= the number of actuators; 
e'= y- E R Z m  = the projection of the error on the low-dimen- 

sional subspace in which the solution is con- 
trolled; 2m(m << n), is the order of the reduced 
linearized model e'= AZ+ B7 used for con- 
troller design; 

where 
Q n x s :  Q,, = (q,(z),cos(i -l)z/L)= is the ith Fourier component of 

the jth actuator influence func- 
tions; 

d,(a,b) and l ( a , b ) = a r e  components of the Cosine 
transform of the kinetic terms in 
the PDE (which are, in general, 
nonlinear). 

For linear feedback the vector of actuator amplitudes will 
be given by 

Here K s x z m  is a matrix of gains; y ' ~  R2" is the state pro- 
jected on the subspace of the reduced model. The full state 
(JE R2") is projected on a selected set of modes (Fourier 
modes, POD modes, etc.) through the orthogonal projector 
P:  

When the linear regulator is designed to control the first rn 
Fourier coefficients of the "full" model, M and L are 

When the error is controlled in the space of modal coeffi- 
cients on some other set of modes (orthogonalized set of 
eigenvectors for some steady state, POD modes), these matri- 
ces are 

where # ( z )  (+,'"(z)) are the ith(jth) POD mode for the u(w> 
component of the state. The closed-loop nonlinear system is 
then 

Here y o  is the projection of the set point (the steady state of 
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the full Galerkin model) on the subspace of controlled modes; 
thus closing the loop perturbs only the linearization of the 
system around the set point, and not the set point itself. This 
is a small but important point that we will revisit below: the 
fact that the steady states (at the nominal parameter value) 
of the reduced models are approximations of the true set 
point. 

While success for the linear stabilization problem is easily 
tested by linearization of the closed-loop steady state, addi- 
tional effort is required to obtain information about the global 
phase space structure of the closed-loop system (e.g., the pos- 
sibility of competing attractors and some estimate of their 
basin boundaries). We chose to obtain such global informa- 
tion through a homotopy procedure that allows us to corre- 
late the open-loop (presumably known) global phase-space 
structure to that of the closed loop. We performed a continu- 
ation of the open-loop attractors as illustrated in Figure 6. In 
an article by Chang and Chen (1984) such a continuation was 
performed using the controller gains as the homotopy param- 
eters. In the case of MIMO feedback control, a single param- 
eter can be used to link the open loop ( a  = 0) with the closed 
loop ( a  = 1) dynamics. We will use the term “correlation dia- 
gram” to describe the bifurcation diagrams in a (Figure 6). 

We now proceed to the discussion of our two computa- 
tional examples. 

Numerical examples 
We used a single actuator with 

influence function shown in Figure 7c to stabilize an unsta- 
ble, saddle-type front solution at E = 0.8, close to the 
saddle-node bifurcation ( E  = 0.9445) in Figure 2c. The set 
point as well as a blowup of the relevant portion of the 
steady-state bifurcation diagram are shown in Figure 7a and 
7b. 

Earlier we compared some of the open-loop bifurcation di- 
agrams obtained with various reduced models; Table 1 illus- 
trates the leading part of the spectrum of the saddle steady 
states of these models. These were computed at the “set 
point”parameter value ( E  = 0.8); the accuracy of the particu- 
lar spectrum predicted by the 8-D dynamical system resulting 
from the four-mode POD-Galerkin truncation is remarkable. 

After verifying that the linear systems resulting from the 
linearized low-order vector fields were stabilizable, single-in- 
put pole-placement controllers were designed for the set 
points. The critical eigenvalue in each case was shifted to 
-0.3 by the design procedure, while the rest of the closed- 
loop spectrum was left intact. When the resulting controllers 
were implemented on the full 62-dimensional vectorfield the 
table of (now stable node) closed-loop spectra was obtained 
(Table 2). 

Stabilization of a Saddle. 

-0.7 
0.6 0.8 1.0 

0 L 

0 L 
Figure 7. Stabilization of an unstable (saddle) front 

steady state close to the saddle-node bifuca- 
tion. 
(a) Steady-statc bifurcation diagram, showing the set point 
(at E = 0.8). (b) Spatial profiles corresponding to the saddle 
(dashed line) and node (full line) at that value of E .  fc) Spa- 
tial profile of the actuator influence function. 

We see that all controllers are, in principle, successful in 
stabilizing the open-loop unstable setpoint; the shift of the 
critical eigenvalue is not, however, equally accurate in the 
various cases. 

The “fate” of the various open-loop attractors after feed- 
back is illustrated in the correlation diagrams of Figure 8. 
These were computed for the linear stabilizing controllers 
based on (a) a four-mode POD and (b) an 8+21 @, AIM 
reduced model, respectively. The open-loop ( a  = 0) attrac- 

Figure 6. Single-parameter homotopy used to correlate the open loop with the closed-loop dynamics. 
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Table 1. Open-Loop Leading Eigenvalues (Saddle) 

Model for 

31 cos 0.1266 -0.7385 - 1.1014+0.7190 i 
11 cos 0.0908 - 0.7522 -1.1017k0.7191 i 
9 , : 6 + l 5  0.1952 -1.1049~0.7178i -1.2430 
9,: X - t ? l  0.1065 -0.7905 - 1.1022k0.7188 i 
4 POD 0.0588 - 1.0118 - 1.2074k0.6676 i 

Controller Design A ,  A2 A3 

tors are shifted, and in both cases the (far away in phase 
space) branch of extinguished uniform steady states disap- 
pears through saddle-node bifurcations for a < 1. The same 
effect is observcd for the branch of “ignited” uniform steady 
states for the case of the AIM-based controller, while for the 
POD-based controller the branch of ignited steady states 
persists up to the closed loop ( a  = 1). 

It is important to notice that the sought-for exchange of 
stability of the (initially saddle) set point occurs through a 
transcritical bifurcation for a < 1 .  Normal-form analysis shows 
that this is generic for (linear) stabilization of a saddle close 
to a saddle-node bifurcation. It is well known (Gukenheimer 
and Holmcs, 1983) that transcritical bifurcations (imposed 
here by the nature of the closed loop, which keeps the steady 
state independent of a )  are structurally unstable, and will 
generically break under the effect of perturbations. 

A natural source for a perturbation that will break this 
transcritical bifurcation is the modeling error introduced by 
the reduction process: in particular, the mismatch between 
the full and reduced model steady states. If the set point sup- 
plied to the closed-loop system is chosen to be the saddle 
solution of the low-dimensional model itself, not only the lin- 
earization, but also the steady state of the closed-loop system 
will be slightly affected. For both controllers (4 POD- and 
8+21 AIM-based) the predicted saddle solution is close to 
the converged one (Figures 9a and 9b-note the scale on 
both figures, and the way the error is distributed across the 
domain). The closed-loop stability is affected in two markedly 
different ways. For the AIM-based controller the breakup of 
the transcritical bifurcation shows that the closed-loop stable 
steady state “comes from”(is a smooth continuation in a of) 
the open-loop node. For the 4 POD-based controller, how- 
ever, an alternative breakup of the transcritical bifurcation 
leads to two saddle nodes in the bifurcation diagram with 
respect to a.  one shown in the figure, and one further to the 
right (not shown). As a result of this breakup, no nearby sta- 
ble steady state exists for the closed-loop system (for a = 1). 

The implications of these changes in the steady-state struc- 
ture are explored through transient simulations of the 
closed-loop system. The AIM-based controller successfully 
drives the system to a steady state that is rather close to the 

Table 2. Closed-Loop Leading Eigenvalues (Stabilized Node) 

Model for 
Controller Design A1 A2 A3 

31 cos -0.3000 -0.7385 - 1.1014+0.7190 I 

11 cos - 0.2355 -0.7618 - 1.1019 k 0.7193 i 
: 6 f  15 -0.3384 -0.7421 -1.1017k0.7522 i 

4 POD - 0.0822 - 0.7469 - 1.0845 k 0.7132 i 
: 8+21 -0.2558 -0.7287 -1.1034k0.7191 i 
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Figure 8. Effect of the linear controller on the open-loop 
dynamics. 
“Correlation diagrams” computed for a 6Zdimensional vec- 
torfield, starting at open-loop ( a  = 0) and terminating at a 
= 1 with closed-loop vectorfields, stabilized by controllers 
based on 16-dimensional (AIM-based, left) and X-dimen- 
sional (POD-based, right). Y-axis corresponds to the zeroth 
Fourier mode of d z ) .  The diagrams show the fate of the 
open-loop steady states coexisting with the set point as the 
loop closes. (The vertical axes in both figures are broken). 

set point (both in the open- and closed-loop systems). The 
eventual convergence to a stationary front solution can be 
achieved from different initial conditions (for example, start- 
ing close to the open-loop node, Figures 10a, 10d, log, and 
the open-loop extinguished steady state, Figures 10a, lob, 10e, 
10h). This successful performance (even in the face of pertur- 
bation due to the modeling error of the set point) is con- 
trasted with the simulations for the full system with the four 
POD-based controller. Closing the loop, and starting very 
close to the set point (as predicted by the low-dimensional 
model), the controller leads to unstable response; since mod- 
eling error has destroyed all steady states in the neighbor- 
hood, the system is driven away from the set point, ending 
eventually close to what, for the open loop, was the extin- 
guished uniform steady state. 

Stabilization o fa  Focus. For this example we chose multi- 
variable (three actuators) controllers designed to stabilize the 
unstable front solution at E = 0.015 (Figure 11). Table 3 sum- 
marizes the leading spectra of the open-loop, unstable foci 
computed through various reduced-order models, while Table 
4 shows the relative success in closed-loop pole placement 
(for the full model) of controllers designed to place the real 
part of the open-loop unstable eigenvalue pair of the reduced 
models at - 0.3. 

We now compare results for two distinct linearly stabilizing 
controller designs (MIMO pole placement and LQR) based 
on an 8-dimensional POD-mode-based vector field. The lin- 
ear optimal feedback controller was designed to minimize the 
cost functional 

J = /” ( y TQy + uTRu) dt 
0 

with weighting matrices (Bryson and Ho, 1975): 
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Figure 9. Steady state of reduced-order model as the set point for the full closed loop. 
Spatial form of errors in the set point computed through an 8+21@,  AIM (a) and a 4-mode POD Galerkin vectorfield (b). Correlation 
diagrams relating the steady states (c,d) and eigenvalues (e,f) of the open-loop system ( a  = 0) to those of the closed-loop system ( a  = 1). 
The open-loop set point (saddle) has ( u )  = -0.5853, while the open-loop node has ( u )  = - 0.5167; stable (unstable) branches and eigenval- 
ues are indicated with solid (broken) lines, respectively. Top (bottom): AIM (POD) -based controllers. 

R = diag(1, 1, I), Q = diag( p l ,  p z ,  . . . , p 2 m  1. (46) 

The pi were chosen to be the maximum absolute values of 

the variables along the limit cycle surrounding the open-loop 
unstable steady state. The pi values ranged from 0.9 to 0.03 
for the u field, and from 0.14 to 0.001 for the w field (de- 

-0.60 
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-0.1 - 
0 time 50 

Figure 10. Transient simulations of closed-loop sys- 
tems with pole-placement controllers based 
on reduced-order vector fields. 
(a,b,c) Temporal evolution of the zeroth mode of dz). 
(d,e,f) Control histories, and (g,h,i) space-time plots for 
the evolution (in grayscale) of d z , f ) .  (a,b) AIM-based vec- 
tor field. Directing the system to the set point from an ini- 
tial condition chosen at  the open-loop node front-type 
steady state (a) and at the open-loop uniform extinguished 
steady state (b). (c) The runaway transient resulting from 
using the steady state of the 4-mode P O D  Galerkin vector 
field as a setpoint. 

creasing for higher modes). 
Both controllers were tested through simulations for the 

full closed-loop system. Starting on the open-loop limit cycle, 
Figure 12a and 12c present an example of stabilization: 
swinging oscillations of a front are suppressed, the front is 
driven to the set point prescribed position, and the control 
action goes to zero. Figure 12d is intended to demonstrate 
the markedly different basins of attraction of the (locally sta- 
ble) full-model closed-loop steady state for the two different 
controller designs: the LQR controller successfully drives the 
front to the (locally stabilized) set point from every initial 
condition along what used to be the open-loop limit cycle. In 
contrast, stabilization is achieved for a markedly smaller sub- 
set of these initial conditions by the pole-placement con- 
troller. This is perhaps not surprising, since the latter does 
not penalize the excessive control action that might result in 
temporal runaway behavior. Finally Figure 12e presents a 
comparison of open- and closed-loop (LQR design) re- 
sponses to “noise,” small-amplitude periodic disturbances in 
one of the system parameters (€1.  We see that the controller 
keeps the closed loop in a small neighborhood of the set point, 
while the open-loop response is unstable. 

Summary and Discussion 
The purpose of this article was to demonstrate that system- 

atic methods of model reduction (whether a pion‘, such as 
approximate inertial manifold-based, or semiempirical, such 
as POD-based) can be successfully used to design controllers 
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Figure 11. 

-0.3 
E 

1.0 

-1.0 

0.3 

q(z) 

0.0 

0 L 

0 L 
Stabilization of an unstable front with a sin- 
gle unstable complex conjugate pair. 
(a )  Open-loop steady-state bifurcation diagram in the 
neighhorhood of the Hopf bifurcations showing the set 
point at t = 0.015. (b) Spatial profile of the two variables 
for the open-loop unstable front (set point) for the closed 
loop). ( c )  Spatial form of the three actuator influence 
functions. 

for nonlinear distributed parameter systems. Model-reduc- 
tion procedures (open- and closed-loop) in the presence of 
sharply varying solutions and actuator-influenced functions 
constituted the focus of this effort. In the absence of distur- 
bances the controller design was relatively simple (pole- 
placement and LQR), and, more importantly, we assumed 
that the full state was available for feedback, and did not 
have to consider observers. 

We also made an effort to relate the open-loop nonlinear 
dynamics (e.g., multiple attractors) with the closed-loop dy- 

Table 4. Closed-Loop Leading Eigenvalues 
(Stabilized Focus) 

Model for 
Controller Design A, A, A, A, 

8 cos -0.1118t0.02451’ -0.1395 -0,4167 -0,9422 
@, : 8+21 -0.1170iO.0094i -0.1408 -0,4192 -0,9383 
7 POD - 0.0456 0.1387 -0.4214 -0.7063 
4 POD - 0.0469 0.1374 -0.4208 -0.6811 
4 POD(LQR) -0.0514f0.04921’ -0.1386 -0.4210 -0.9411 

namics through correlation diagrams. Systematic steps can be 
taken to incorporate issues such as nonlinear controller de- 
sign, deterministic disturbances, observer design, and actua- 
tor/sensor dynamics. In particular, we expect a significant in- 
crease in the performance of the closed-loop systems (e.g., 
the basins of attraction of the closed-loop set points) when 
nonlinear controllers (e.g., feedback linearization or model 
predictive control) are used: these will take true advantage of 
the fully nonlinear reduced models we construct, something 
we did not exploit here. When more is known about the global 
phase-space structure of the open-loop system (such as the 
global heteroclinic connections, Coller et al., 19941, this 
knowledge may be exploited in designing nonlinear con- 
trollers for the particular problem. Here we concentrated on 
stabilization; reduced vectorfields can, of course, also be used 
for tracking purposes (see Aling et al., 1995, for an example 
of the exploitation of POD-based models). 

Depending on the approach used for model reduction in a 
closed-loop context, a variety of conceptual and practical 
problems arise: for the POD-based approach the most impor- 
tant issue is the generation of a “representative” data set, so 
that the resulting basis functions span the closed-loop dynam- 
ics. While this cannot be guaranteed a priori, one can use the 
available actuators systematically, so that the relevant region 
of the state space (around the set point, or, more generally, a 
nominal trajectory) is sampled as uniformly as possible. For 
AIM-based methods, theoretical work is needed to establish 
the relation of the (presumably known) open-loop low-di- 
mensional behavior with the particular AIMS that result from 
particular choices of controllers (and actuators). Estimates of 
the dimension of the closed-loop IMs (how many degrees of 
freedom need to be kept) as well as the error between the 
full closed-loop dynamics and the reduced closed-loop vector 
fields (AIFs with feedback) are just starting to appear. 

Everything we discussed here is based on the availability of 
the “full model”: a code, based on the large, converged, ac- 
curate “conventiona1”discretization of a first-principles model 
of the process (a vectorfield, and, possibly, its Jacobian). This 
also is true for the systematic theoretical work on linear DPS. 
Reducing this vectorfield, while conceptually straightforward, 

Table 3. Open-Loop Leading Eigenvalues (Unstable Focus) 

Model for 
Controller Design A1 A2 AS A4 

31 cos 0.001 1 k 0.0450i -0.1386 - 0.4209 - 0.941 1 
4 C06 - 0.0777 -0.1395 -0.1847 - 0.3864 
8 cos - 0.0247 k 0.06201‘ -0.1387 -0.4171 - 0.9401 
@,: 8-21 - 0.0056 f 0.0504i -0.1383 - 0.4206 - 0.9391 

7 POD 0.0021 f 0.04421 -0.1385 - 0.4261 - 0.9603 
4 POD 0.0032 k 0.04271’ -0.1293 -0.4617 - 1.3193f0.0676 i 
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Figure 12. Transient simulations of closed-loop sys- 
tems with linear stabilizing controllers de- 
signed based on a four-mode POD-Galerkin 
vector field. 
(a) Time history of the three amplitudes of the actuators 
for the LQR controller, starting from an initial condition 
o n  the open-loop stable limit cycle (point I in  d). (b,c) Show 
the approach to the set point in the mean ii and M valuer 
and in a space-time plot. (d) Projection of closed-loop tra- 
jcctories on the plane of zeroth Fourier modes for u and 
M’. Starting at initial conditions 1 through 7 distributcd 
along the open-loop stable limit cycle. the trajectories of 
the LQR- and pole-placement stahilized closed-loop sys- 
tems are compared. (e) Effect of a small-amplitude peri- 
odic disturbance on both the open- and the closed-loop 
\ystema. 

gives rise to a different class of scientific computing problem. 
Evaluating the righthand side of the nonlinear POD-based 
reduced vectorfield is computationally very costly for nonlin- 
earities higher than quadratic (or nonpolynomial, such as the 
Arrhenius temperature dependence). The mcmory required 
for storing the monomial coefficients of this righthand side 
explodes with the number of modes kept, while “fast-POD 
transforms” for a pseudospectral evaluation have not yet been 
developed. Conversely, the righthand sides of AIM-based re- 
ductions and especially their linearizations (which are impor- 
tant for stability analysis and controller design) become im- 
mensely complex (see, for example, Russel et al., 1993). As a 
result, a twenty-equation vector field, even though much bet- 
ter conditioned than the full model, may require a significant 
fraction of the time required to integrate the full model (up 

to 20-5096 sometimes; e.g., Aling et al., 1997). Systematic 
approaches to speeding up the evaluation of these compli- 
cated righthand sides and derivatives would greatly enhance 
the appeal and applicability of these reduction methods. 

We conclude with two practical comments. For stabiliza- 
tion problems and finite disturbances. one might expect that 
the closed-loop system will bc “confined” to a finite region of 
state and parameter space in the neighborhood of the set 
point. POD-based models are particularly suited for efficient 
dimensionality reduction in such situations. The POD-based 
subroutine for the (costly) evaluation of the reduced vector- 
field righthand sides (which includes explicit dependence on 
parameters and actuators) can be used off-line to train a 
black-box fit of this evaluation; such a fitted model is im- 
mensely faster to evaluate in real time. Finally, while tradi- 
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tional (“linear Galerkin”) POD methods simply truncate to  
obtain a reduced model, it makes sense to  combine separa- 
tion of time scales with a good hierarchical basis for further 
model reduction: slave the “higher” POD-mode dynamics to 
the -‘lower” ones. This “two-tier” reduction may affect the 
criteria for selecting the POD-mode hierarchy (see, for exam- 
ple, Sirovich et at., 1990. and Aling et al., 1997, for an appli- 
cation). 
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